POSET REPRESENTATIONS OF DISTRIBUTIVE 
SEMILATTICES 



FRIEDRICH WEHRUNG 

Abstract. We prove that for every distributive (V, 0)-semilattice S, there are 
a meet-semilattice P with zero and a map /i: P X P — > S such that fi{x, z) < 
fi{x, y) V fj,{y, z) and x < y implies that fi{x, y) = 0, for all x,y, z £ P, together 
with the following conditions: 

(PI) fi{v, u) = implies that u = v, for all u < v in P. 

(P2) For all n < in P and all a,b (H S, if fi{v, u) < a V b, then there are 
a positive integer n and a decomposition u = xq < xi < ■ ■ ■ < Xn = v 
such that either fi{xi^i,Xi) < a or fi{xi^i, Xi) < 5, for each i < n. 
(P3) The subset {fJ,{x, 0) | a; G P} generates the semilattice S. 
Furthermore, every finite, bounded subset of P has a join, and P is bounded 
in case S is bounded. Furthermore, the construction is functorial on lattice- 
indexed diagrams of finite distributive (V,0, l)-semilattices. 



1. Introduction 

1.1. Origin of the problem. The classical congruence lattice representation prob- 
lem, usually denoted by CLP, asks whether every distributive (V, 0)-seniilattice is 
isomorphic to the semilattice CoucL of all compact (i.e., finitely generated) con- 
gruences of some lattice L. (It is well-known, see [3] or [H Theorem 11.3.11], that 
Couc L is a distributive (V, 0)-semilattice, for every lattice L.) This problem has 
finally been solved negatively by the author in [20]. This negative solution came 
out of a failed attempt to extend to semilattices the representation result of dis- 
tributive semilattices by posets (i.e., partially ordered sets) stated in the Abstract. 
The purpose of the present paper is to give a proof of that result. 

A first motivation for proving this result lies in its relation with congruence 
lattices of lattices, which we shall outline now. 

Definition 1.1. Let 5 be a (V, 0)-semilattice and let P be a poset. A map 

fi: P X P 5* is a S-valued p-measure on P, if fi{x,z) < fj,{x,y) V fj,{y,z) and 
X < y implies ii{x,y) = 0, for all x,y,z G P. The pair {P, fJ.) is a S-valued p- 
measured poset. 

The inequality fj,{x,z) < fi(x,y) V fi{y,z) will be referred to as the triangular 
inequality. The letter 'p' in 'p-measure' stands for 'poset'. 

Notation 1.2. We shall always denote by P, Q, . . . , the underlying posets of p- 
measured posets P, Q, . . . . For a p-measured poset P = (P, /i), we shall often use 
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the notation ||a; ^ y\\p = ii{x,y), for x,y ^ P. Elements of the form ||a; ^ y\\p will 
be called Boolean values. 

A fundamental class of p-measures is given as follows. For a lattice L, the map 
0+ : L X L ^ Cone L defined by the rule 

Q'^{x, y) — least congruence of L that identifies xV y and (1-1) 

for all x,y G L, is obviously a Couc i- valued p-measure on L. Furthermore, it 
satisfies the following conditions: 

(i) m) = implies that u = v, for all u < v in L. 

(ii) For all u < w in L and all a,b € Couc L, if Q^(v, u) < a V 6, then there 
are a positive integer n and a decomposition u ~ xq < xi < ■ ■ ■ < Xn = v 
such that either Q~^{xi+i,Xi) < a or Q^{xi+i,Xi) < b, for each i < n. 

(iii) The subset {(d~^{v, u) \ u < v in L} generates the semilattice Couc L. 

Item (ii) above follows from the usual description of congruences in lattices, see, 
for example, [H Theorem 1.3.9], while Items (i) and (iii) are trivial. 

Hence, if a distributive (V, 0)-semilattice S is isomorphic to Couc L for some 
lattice L, then there exists a 5- valued p-measure /x: L x L S satisfying (i)-(iii) 
above. Although we could prove in [20] that there may not exist such a lattice L, the 
main result of the present paper is that the conclusion about p-measures persists. 
Conditions (i) and (ii) are the same as the conditions denoted by (PI) and (P2), 
respectively, in the Abstract, while (P3) is a strengthening of (iii). 

Furthermore, unlike earlier representation results such as Gratzer and Schmidt's 
representation theorem of algebraic lattices as congruence lattices of abstract alge- 
bras [6j, our result characterizes distributive algebraic lattices, see Corollary 110.41 
and Proposition 110.51 

1.2. Lifting objects and diagrams with respect to functors. Most of the 
recent efforts at solving CLP have been aimed at lifting not only individual (dis- 
tributive) semilattices, but also diagrams of semilattices, with respect to the con- 
gruence semilattice functor Couc. They are based on the following lemma, proved 
by Ju.L. Ershov as the main theorem in Section 3 of the Introduction of his 1977 
monograph [2\ and P. Pudlak in his 1985 paper J9, Fact 4, p. 100]. 

Lemma 1.3. Every distributive {W ,0) -semilattice S is the directed union of its 
finite distributive {y ,0)-subsemilattices. 

Because of this, lifting diagrams of distributive semilattices can be reduced to 
lifting diagrams of finite distributive semilattices. 

The formal definition of a lifting runs as follows. For categories X, A, B and a 
functor A ^ B, a lifting of a functor B : Z S with respect to $ is a functor 
A: 2 ^ A such that $ o A is naturally equivalent to B. In particular, in case T 
is the one-object, one-morphism category, we identify the functors from 2 to any 
category C with the objects of C, so a lifting of an object B of is an object A 
of ^ such that $(A) ^ B. 

Our examples below will involve the following categories: 

• The category DSLat (resp., DSLat™'') of aU distributive (V, 0)-semilat- 
tices with (V, 0)-homomorphisms (resp., (V, 0)-embeddings). 

• The category DLat (resp., DLat'^™'^) of all distributive 0-lattices with 
0-lattice homomorphisms (resp., 0-lattice embeddings). 
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• The category Lat of all lattices with lattice homomorphisms. 

Prominent results of lifting functors with respect to the functor Couc : Lat — » 
DSLat are the following: 

(1) E. T. Schmidt proved [H] that every distributive 0-lattice is isomorphic to 
Couc L for some lattice L. 

(2) Schmidt's result got extended in 1985 by P. Pudlak [9], who proved that the 
inclusion functor DLat™'*" ^ DSLat has a Hfting A : DLat™''' Lat 
with respect to the Couc functor. So Couc A(_D) = D naturally in D, 
for every distributive 0-lattice D. Furthermore, in Pudlak's construction, 
A(D) is a finite atomistic lattice whenever D is finite. 

(3) Pudlak's result got further extended by P. Rrizicka [TU], with a different, 
ring-theoretical construction that implies that A{D) can be taken locally 
finite, sectionally complemented, and modular, for every distributive 0- 
lattice D. 

(4) On the negative side, Pudlak conjectured in 1985 the existence of a lifting 
of the inclusion functor DSLat"™*^ ^ DSLat with respect to the Cone 
functor. This conjecture got disproved, before the final negative solution 
for CLP was obtained, by J. Tuma and F. Wehrung [l4] . 

We shall often identify every poset K with the category whose objects are the 
elements of K and where there exists at most one morphism from x to y, for 
elements x,y G K, and this occurs exactly in case x < y. Denote by VPMeas 
the category whose objects are all triples {P, fi, S), where P is a (A, 0)-semilattice, 
S' is a distributive (V, 0)-semilattice, and fi: P x P S is a p-measure satisfying 
the conditions (P1)-(P3) stated in the Abstract, and where the morphisms from 
{P,fi,S) to {Q,v,T) are the pairs {f,f), where f: P Q is order-preserving, 
/: S* T is a (V, 0}-homomorphism, and v{f{x),f{y)) ~ fip-ix^y)) for all x,y € 
P. The main result of the present paper (Theorem ll0.2|) implies that every functor 
S: K ^ DSLat '""'^j where K is (the category associated to) a lattice, has a lifting 
with respect to the forgetful functor 11: VPMeas DSLat. (By using the results 
of [III [18], this can be extended to functors S : K DSLat, still for a lattice K, 
but we shall not present more details about this here.) Hence, to every distributive 
(V, 0)-semilatticc S, this lifting associates, in a somewhat 'natural' fashion, an 
object of VPMeas of the form {P, ^, S). 

1.3. Basic notation and terminology. For elements a and b in a poset P, we 
shall use the abbreviations 

a -<p b (a <p b and there is no x such that a <p x <p b); 

a :<p b <;==^ (either a ~<p b or a — b); 
a ^p b (either a <p b or b <p a); 

a \\p b (a b and b a). 

We shall use < (instead of <p), ^, ^, or || in case P is understood. We say 
that P is lower finite^ if the principal ideal {x ^ P \ x < a} is finite for all a G A. 
Observe that in case P is a meet-semilattice, this implies that P has a least element. 

For a category C and a poset P, a P-indexed diagram in C is a functor D: P C 
(where P is identified with the associated category). This amounts to a family 
{D^ I X e P) of objects of C, together with a system of morphisms ipx,y ■ — > Dy, 
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for X < y hi P, such that ipx,x — idu^ and ipx,z = <Py,z ° Vx,y for all a; < y < z 
in P, and then we write D = {D^, fx,y \ x < y va P). We shall also denote by D 

(resp., P'f<p) the restriction of D to {a; G P | a; < p} (resp., {a: £ P | a; < p}), for 
all p e P. 

A join-semilattice S is distributive, if for all a, b, c e S*, if c < a V b, then there 
are x < a and y < 6 in S* such that c = x\/ y. Equivalently, the ideal lattice of S 
is a distributive lattice, see ^ Section II. 5]. 

We shall identify every natural number n with the set {0, 1, . . . , n — 1}. We shall 
denote by '^{X) the powerset of a set X. 

2. Structure of the proof 

2.1. First obstacle: there is no sequential proof. Many proofs of positive 
representation results use transfinite iterations of 'one-step constructions', each of 
them adding a small number of elements at a time. This is typically the case for 
Jonsson's proof of Whitman's Embedding Theorem (cf. Other examples are the 
main construction of |T6J (that proves, among other things, that every lattice L such 
that Couc P is a lattice admits a relatively complemented congruence-preserving 
extension), or the construction used in [IV to prove that every distributive (V,0)- 
semilattice is the range of some 'V-distancc' of type 2, or the construction used 
in [8] to establish that every algebraic lattice with compact unit is isomorphic to 
the congruence lattice of some groupoid. 

However, our result cannot be proved in such a way. The reason for this is 
contained in [19j . where we construct, at poset level, an example of a p-measure 
that cannot be extended to a p-measure satisfying (P2). This partly explains the 
complexity of our main construction: the posets and measures require a somehow 
'explicit' construction, which in turn requires quite a large technical background. 

2.2. General principle of the proof. We need to lift a given (V, 0)-semilattice S 
with respect to the functor 11 introduced in Subsection 11.21 If this is done in 
case S has a largest element, the general result follows easily from restricting any 
p-measure fi: PxP^S'U{l} representing {1} to a suitable lower subset of P 
(cf. proof of Corollarv ll0.4p . 

So suppose, from now on, that S" is a (V, 0, l)-semilattice. By Lemma [1.31 S 
is the directed union of a family D = {Di | i e A) of finite distributive (V,0, 1)- 
subsemilattices; furthermore, A can be taken the collection of all finite subsets 
of S, in particular A is a lower finite lattice. Our proof will construct a lifting, with 
respect to the functor 11, of D (viewed as a A-indexed diagram) ; the representation 
result for S will follow immediately (cf. proof of Corollarv ll0.4|) . 

So now we start with a lower finite meet-semilattice A and a A-indexed dia- 
gram D = {Di,(pij \ i < j in A) of finite distributive lattices and (V,0, l)-homo- 
morphisms. (No stage of the proof will require the totality of these assumptions, 
nevertheless we shall assume them altogether in the present outline.) As A is lower 
finite, it is well-founded. Accordingly, our lifting will be constructed inductively: 
from a lifting (with respect to the 11 functor) of D\^£, we shall construct a lifting 
of D\^f, for any £ G A. 

When trying to do this we stumble on a major problem. For such an extension 
of liftings to be possible, we need a number of somewhat complex assumptions on 
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the lifting of D we are starting with. Fundamental examples, notably in [13|,ll9j. 
show that these assumptions cannot be dispensed with. 

2.3. Structure of the lifting at poset level; interval extensions. A first, 
mild assumption is to suppose that our lifting of D consists, at poset level, of 
inclusion maps. Hence we start with a lifting of D]^^ of the form {Q^ \ i < i), 
where Q^ is a Z?i-measured poset for all i < ^ and Qj is an extension of Qj with 
respect to (pij for all i < j < £: the latter condition means that Qi is a sub-poset 
of Qj and ||x < yWq^ = (pi,j{\\x ^ yWq.) for aU x,y € Qi. 

Trying to figure out what the poset Qg should be, an obvious requirement is that 
it should contain the set-theoretical union Pg = [J{Qi \ i < i). As Qi should be a 
sub-poset of P( for each i < £, we should ensure that the reflexive, transitive binary 
relation on the set Pg generated by the union of all the partial orderings on the QiS 
is a partial ordering (this amounts to verifying that it is antisymmetric). 

Easy examples show that this is not the case as a rule. 

Hence we need to put conditions on the inclusion maps Qi ^ Qj, for i < j < £. 
These embeddings will be required to be so-called interval extensions (cf. Defini- 
tion l3.1|l . Furthermore, all the posets Qi will be finite lattices. As a consequence of 
the definition of an interval extension, it will turn out that Qi is a sublattice of Qj 
for all i < j < i (cf. Lemma 1575]) . 

2.4. Normal interval diagrams and covering extensions. In order to endow 
the set-theoretical union P( = [J{Qi \ i < i) with a suitable poset structure, we need 
to add, to the condition that Qj is an interval extension of Qi whenever i < j < i, 
an assumption of 'coherence' between the orderings of the QiS. This condition, 
formulated in Definition 15.11 implies, in particular, that Qi D Qj — Qi/\j for all 
i,j<£ (remember that A is a meet-semilattice). We shall say that {Qi | i < ^) is a 
normal interval diagram of posets. Once this is assumed, the partial ordering on Pi 
can be easily described from the individual orderings of the QiS (cf. Lemma lOj) . 
We shall call Pi the strong amalgam of {Qi \ i < £) (cf. Lemmas 15.21 and 15. 3p . It 
will turn out that Pi is an interval extension of each Qi (cf. Lemma 15. 4p and that 
it is a lattice (cf. Proposition [5?5]). 

Due to problems pertaining to Example 110.61 and originating in the main coun- 
terexample of |13| . the p- measures on the QiS need not have a common extension 
to a p-measure on Pi. This particular problem is, actually, the hardest techni- 
cal problem that we need to solve, so we will postpone the required outline until 
Subsection 12.61 

For the moment, suppose that we have succeeded in finding a p-measure on Pi 
extending all p-measures on the QiS. Even in case the latter p-measures all sat- 
isfy Conditions (P1)-(P3) stated in the Abstract, this may not be the case for 
11- ^ - \\pe- This is relatively easy to fix, by extending Pi to a larger poset Qi with 
a natural extension ||_ ^ -Wq^ of II- ^ -IIp*- The general principle underlying 
the corresponding extension of p-measures is presented in Section [T] The poset Qi 
will be obtained by inserting the ordinal sum of two suitable finite Boolean lattices 
in each prime interval of Pi (cf. Proof of Theorem 110. 2p . In particular, Qi is an 
interval extension of Pi. 

At this point, we stumble on the slightly annoying point that an interval exten- 
sion of an interval extension may not be an interval extension (cf. Example 14. 4p . 
So nothing would guarantee a priori that Qi is an interval extension of each Qi for 
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i < £, and the induction process would break down. Fortunately, Qp, is what we 
call in Definition 14. II a covering extension of Pe, which, by Proposition 14.31 will be 
sufficient to ensure that Qe is, indeed, an interval extension of each Qi. (It would 
be too much asking that Qi be a covering extension of each Qi.) Therefore, the 
induction ball keeps rolling — at least at poset level. 

2.5. The elements x, and x*. A fundamental tool in the inductive evaluation of 
the Boolean values ||a; ^ y||pf is introduced in Section [6] For each x G Pi\Qo, the 
properties of normal interval diagrams imply the existence of a least element of Pi, 
denoted by x* , such that x < x* and a;* lies in a block Qi of smaller index than the 
one containing x (the latter condition is formulated I'ix*) < i^ix) in Lemma l6. 11 — 
the 'complexity' i'{x) of x is the least i < £ such that x G Qi). The element x, is 
defined dually, so is the largest element smaller than x such that ;^(x,) < i'{x). 
The inductive definition of ||a; ^ y\\pt will make a heavy use of the elements x* 
and Xt. 

2.6. Finding the p-measure on Pi-, doubling extensions. As mentioned ear- 
lier, the hardest technical problem of the whole paper is to ensure that the p- 
measures on the Qi, for i < £, have a common extension to some p-measure on Pi. 
Recall that Example 110.61 shows that this cannot be done without additional as- 
sumptions. 

The idea that we implement here is to relate the Boolean value ^ ?;||, for 
x,y G Pi, to Boolean values involving less complicated elements, such as \\x* ^ y\\, 
\\x ^ y, II, and so on. The first doubling condition (DBl) (cf. Section [51) says 
that every x G Pi is 'closest' (with respect to Boolean values) either to x* or 
to X,. The second doubling condition (DB2) says that if x is closest to x* and 
in 'non-degenerate' cases, ||a; ^ y\\ = \\x' ^ y\\ whenever both x and y (and thus 
also x') belong to the same Qi] and, symmetrically, if x is closest to x, and in 
non-degenerate cases, \\y ^ a;|| = \\y ^ x,\\. 

This is the basis for our definition of \\x ^ y\\, for x,y G Pi. In case x,y G Qi for 
some i < £, we put |a: ^ y] = (pi_^(||a; < yWqJ (cf. (|8.4|) ). This is the easiest case 
where we can evaluate ||a: ^ y\\, for x,y G Pi — namely by setting ||a; ^ y\\ = {x ^ yj. 

In the general case, the most natural guess is then to define ||a; < y\\ as the meet, 
in Di, of all joins of the form Vi<nl'^* ^ ^j+iL where n is a positive integer, zq, z\, 
. . . , Zn are elements of Pi, zq = x, and Zn = y. 

Most of the technical difficulties of the paper are contained in the proof that this 
guess is sound. 

This proof makes a heavy use of the doubling conditions. Furthermore, as an 
unexpected side issue, it implies that it is sufficient to consider the case where n — 3 
(cf. CoroUarv 19. 7p . The propagation of (DBl) to the level £ is taken care of by 
Lemma l875l The propagation of (DB2) is taken care of by Lemma [9. 121 

This takes care of the construction of ||_ ^ -llff As mentioned earlier, the 
technical background for the extension of that p-measure to a suitable p-measure 
on Qi is contained in Section [T] The construction of the poset Qi itself is quite 
natural, and it is contained in the proof of Theorem ll0.2l 

CoroUarv 110.41 triviallv implies the result stated in the Abstract. 

Further comments, in particular about the possible uses of our main result to 
tackle current open problems, are presented in Section [TT] 
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3. Relatively complete and interval extensions of posets 

Definition 3.1. A poset Q is a relatively complete extension of a poset P, in 
notation P Q, if for all x ^ Q, there exists a largest element of P below x 
(denoted by xp) and a least element of P above x (denoted by x^). Then we 
define binary relations <^p and =p on Q by 

X <p y <^=^ x^ < yp, 

X =p y <^=> {xp yp and x^ = y^), 

for all x,y ^ Q. We say that Q is an interval extension of P, in notation P <int Q, 
if P <i.c Q and for all x,y ^ Q, x < y implies that either x <^p y ot x =p y. 

The proofs of the following two lemmas are easy exercises. 

Lemma 3.2. Let P, Q, and R he posets. If P <ic Q and Q <^c R, then P R- 

Lemma 3.3. Let Q be a relatively complete extension of a poset P and let X Q P . 
Then \J p X exists iff \J q X exists, and then the two values are equal. The dual 
statement also holds. 

In particular, if P <-^(. Q and Q is a lattice, then P is a sublattice of Q. Hence, 
from now on, when dealing with relatively complete extensions, we shall often omit 
to mention in which subset the meets and joins are evaluated. 

Lemma 3.4. Let Q be an interval extension of a poset P , let x ^ P and y, z E Q. 
If x,y < z and x ^ y, then y^ < z; and dually. 

Proof. If y =p z, then, as a; S P and x < z, we get x < zp = yp < y, a 
contradiction; hence y z. As y < z and P <int Qi we get y <^p z, and thus 
y^ <z. □ 

Lemma 3.5. Let Q be an interval extension of a poset P. Then Q is a lattice iff P 
is a lattice and the interval [xp^x^] is a lattice for each x E Q. Furthermore, if Q 
is a lattice, then for all incomparable x,y E Q, 



x^Vy^, ifx^py, 

V[„^„] y, if Xp = yp = u and x^ = y^ = v, 

x^ Ay^, ifx^py, 

X A[u,v] y, if Xp = yp = u and x^ y^ 



a; V ^ _ _____ p_ p (3-1) 



^^y = \... _„_j„p ,p_ (3-2) 



Proof. We prove the nontrivial direction. So suppose that P is a lattice and the 
interval [a;p,a;^] is a lattice for each x E Q. For incomparable x,y E P, we prove 
that the join a; V y is defined in Q and given by (|3.ip . The proof for the meet is 
dual. So let z G Q such that x,y < z. li x ^p z, then x^ < z, hence, using 
Lemma l3.4l (with x^ instead of a;), we obtain y^ < z, and hence, using Lemma 13.31 
x^Wy^ < z. The conclusion is similar for y <^p z. As P <int Q, the remaining case 
is where a: =p z =p y. Putting u = a;p = yp and v — x^ = y^ , the interval [u, v] 
is, by assumption, a lattice, so x Wi^.v] y < z, and hence xV y ^ x \/\u.v] y ^ z. □ 



Lemma 3.6. Let Q be an interval extension of a poset P. Then a; ~ ?/ implies that 
Xp ^ y and x^ ~ y, for all x,y E Q. 
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Proof. We prove the result for xp. li x < y, then xp < y and we are done. Suppose 
that y < X. If y a;, then y < xp. Suppose that y <j^p x. Asy < x and P <int Q, 
we get X =p y, and thus xp — yp <y. □ 

Definition 3.7. A standard interval scheme is a family of the form 
(P, (Qa.b I (a, b) G X)), where the following conditions are satisfied: 

(i) P is a poset, Z is a subset of {(a, 6) G P x P | a < 6}, and Qa.b is a (pos- 
sibly empty) poset, for all {a,h) G I. 

(ii) Qa,b n P = for aU (a, 6} G X. 

(iii) Qa,b n Qc,d = for all distinct (a, 6), (c, c?) G X. 

We say that the standard interval scheme above is based on P. 

The proofs of the following two lemmas are straightforward exercises. 

Lemma 3.8. Let (P, {Qa.b \ {o-,b) G X)) be a standard interval scheme. Put Q = 
P U [J{Qa,b I (a, b) G I). Furthermore, for all x G Q, put xp = x^ — x if x ^ P, 
while Xp ~ a and x^ = b if x ^ Qa,b, for {a, b) G X. Let x < y hold, if either 
x^ < yp or there exists {a,b) G X such that x,y E Qa.b o,nd x <q^ ^ y, for all 
x,y eQ. Then < is a partial ordering on Q and Q is an interval extension of P. 

In the context of Lemma 13. 8[ we shall use the notation 

Q = P + Y,iQa,b\{a,b)eX). (3.3) 

Conversely, the following lemma shows that any interval extension can be obtained 
by the P + J2iQa.,b \ (a, b) G X) construction. This construction is a special case of 
a construction presented in [5]. 

Lemma 3.9. Let Q be an interval extension of a poset P. Put 
X = {(a, 6) G P X P I a < 6}, and Qa,b = {x E Q \ xp = a and x^ = b}, for all 
(a, 6} G P. Then {P,{Qa.b \ {a,b) G I)) is a standard interval scheme, and Q = 
P + EiQa.b I {a,b)eX). 

It follows from Lemmas 13.81 and 13.91 that any standard interval scheme based 
on P defines an interval extension of P, and every interval extension of P is defined 
via some standard interval scheme on P. 

4. Covering extensions of posets 

Definition 4.1. We say that a poset Q is a covering extension of a poset P, in 
notation P <cov Q, if Q is an interval extension of P (cf. Definition 13. ip and the 
relation xp diP holds for all a; G Q. 

Lemma 4.2. Let P, Q, and R be posets such that P <int Q, Q <int R, o.nd there 
are no x E P and y € R such that yq < x < y^ . Then P <int R- 

Proof. First, P <ic R (cf. Lemma [3.21) . Now let a; < y in R, and assume, towards 
a contradiction, that x -^p y and x ^p y. 

If X =Q y, then x =p y, a, contradiction. As a; < y and Q <int R, we get x y, 
that is, x'^ < yq. Ii x^ <t^p yq, then x <^p y, a. contradiction. As x'^ < yq and 
P <int Q, we get x^ =p yq. 

As yq < y^ and P <int Q, either yq =p y^ or yq <^p y'^ . In the first case, we 
get, using the relation x'^ =p yq, the equalities x^ — {x^)^ — (yq)^ = [y^)^ = 
y^ . In the second case, we get, using again the relation x*3 =p yq, the inequalities 
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= {x^)^ = {vq)^ < y^. But yq < {yq)^ = x^ , and so yq < x^ < y^ . Hence, 
by assumption, either x^ — yq or x^ — y^ . If x^ = yq, then x^ = yp, so x <Cp y, 
a contradiction; hence only the subcase where x^ — y^ remains, so y^ G P, and 

POP 

so X = y^ — y . 

So we have proved that in either case, the equahty x^ = y^ holds. Dually, the 
equality xp ~ yp holds, and so x =p y, a contradiction. □ 

Proposition 4.3. For arbitrary posets P , Q, and R, the following statements hold: 

(i) If P <int Q and Q <cov R, then P <int -R- 

(ii) // P <cov Q and Q <cov R, then P <cov ^• 

Proof, (i) follows immediately from Lemma l4.2l Now we prove (ii). So assume that 
P <cov Q and Q <cov R, let x G R, we prove that xp x^ . If {xq,^'^} C P, 
then = and x^ = a;'^, but Q <cov thus x'^, and thus, a fortiori, 

xp ^p x^. So suppose, from now on, that {xq,x'^} 2 -Pj say x*^ ^ P. 

If {x^)p ^ X, then, as x,(x'5)p < x'^ , as P <int ^ (proved in (i)), and by 
Lemma [3.41 we get x^ < x'^, so x'^ G P, a, contradiction. Hence {x'^)p < x, but 
(x*^)p lies above xp and belongs to P, and so {x'^)p = xp. As P <cov Q, we get 
xp = {xQ)p^p{xQ)P = xP. □ 

Example 4.4. The following example shows that interval extensions do not com- 
pose. We let K, L, and M the lattices diagrammed on Figure |4?T1 Then K <int L 
and L <i,it M, however K ^i„t M, as x < y and x y while x^ ^ In this 
example, K <cov ^ and L ^cov Af- 

1 
O 

K 

r 



Figure 4.1. Interval extensions do not compose. 



5. Strong amalgams of normal diagrams of posets 
In this section we shall deal with families of posets indexed by meet-semilattices. 

Definition 5.1. A normal diagram of posets consists of a family Q = {Qi | i G A) 
of posets, indexed by a meet-semilattice A, such that the following conditions hold 
(we denote by <i the partial ordering of Qi, for all i E A): 

(1) Qi is a sub-poset of Qj for all i < j in A. 

(2) Qi n Qj — Qi/\j (set-theoretically!) for all i,j G A. 

(3) For all i,j, fc G A such that i,j<k and all {x,y) E Qi x Qj, if x <k y, 
then there exists z E QiAj such that x <i z and z <j y. 

Furthermore, we say that Q is a normal interval diagram of posets, if Qj is an 
interval extension of Qi for all i < j in A. 
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Let Q = {Qi I i e A) be a normal diagram of posets and set P — [J{Qi | i G A). 
For x,y £ P, let X < y hold, if there are z, j £ A and z € Qi/\j such that x £ Qi, 
y Qj, and x <i z <j y. As the following lemma shows, this definition is indepen- 
dent of the chosen pair (i, j) such that x £ Qi and y Qj. 

Lemma 5.2. For all x,y E P and all i, j G A such that x d Qi and y G Qj, x < y 

iff there exists z G Qi/\j such that x <i z <j y. 

Proof. The given condition implies, by definition, that x < y. Conversely, suppose 
that X < y, and fix i',j' G A and z' G Qi'/\j' such that x G Qi'j V G Qj'^ ^-iid 
X <i> z' <ji y. As X G Qi/\i', z' G Qi'Aj', and x ^i' z\ there exists t G Qi/\i'/\j' 
such that X <iM' t <j'Aj' z' . As < G Qir\i'/\j', U G Qj^j'^ ^^^d t <ji y, there 
exists z G QiAi'/\jAj' such that t <iAi'Aj' ^ ^jaj' y- In particular, z G QiAj a-nd 
X <i z <j y. □ 

Lemma 5.3. The binary relation < defined above is a partial ordering of P. Fur- 
thermore, Qi is a sub-poset of P for all i G A. 

Proof. Refiexivity is obvious. Now let x,y G P such that x < y and y < x. Fix 
i,j G A such that x £ Qi and y G Qj. By Lemma 15.21 there are u, u G Qi/\j such 
that x <i u <j y <j V <i x. Hence u <i/\j v <iAj u, and so u = v, and therefore 
X — u — y. 

Now let a; < y < z in P, and fix i,i,k G A such that x G Qi, y G Qj, and 
z G Qfe- By Lemma 15.21 there are u G Qi^j and w G QjAfe such that x <i u <j y 
and y <j v <k z. As u <j v, there exists w G QiAj/\k such that m <jAj w <jAk v- 
Hence x <i w <k z, and so a; < z. Therefore, < is a partial ordering on P. 

Finally, let z G A and let x,y G Qi. If x <i y, then x < y trivially. Conversely, 
X < y, then, by Lemma 15.21 there exists z G Qi such that x <i z <i y, whence 
X <i y. Therefore, x < y i& x <i y. □ 

Hence, from now on, we shall most of the time drop the index i in <i, for i £ A. 
We shall call the poset P the strong amalgam of {Qi | i G A). 

Lemma 5.4. Let Q = {Qi | i G A) be a normal diagram of posets, with strong 
amalgam P = [J{Qi | i G A). Then the following statements hold: 

(i) /f* ^ j implies that Qi <ic Qj for all i,j G A, then Qi <ic P for all i E A. 

(ii) If ^ j implies that Qi <int Qj for all i,j G A, then Qi <int P for all 
i G A. 

Proof, (i). Let x E P, say x E Qj, for j G A, and let i E A. By Lemma [5.21 every 
element of Qi below x lies below xq-^ - ; hence xq. exists, and it is equal to xq.^^ . 
Dually, x*^' exists, and it is equal to a;'^''^^ . In particular, Qi P- 

To ease notation, we shall from now on use the abbreviations 
— Xq- and a;*-*^ = a;'^', for all x E P and all i E A. Similarly, 

we shall abbreviate x =q- y by x =i y and x y by x <Ci y, 

for all x,y E P and all i E A. 
(ii). First, it follows from (i) above that Qi <rc P- Now let x,y E P such that 
X < y, we prove that either x =i y or x <^i y. Fix j,k E A such that x E Qj and 
y E Qk- Suppose first that j = k. As QiAj <int Qj, either x =iAj y or x <^iAj y- As 
i(i) = i{ir\j) and t''-' = for all t E {x, y} (see proof of (i) above), this amounts 

to saying that either a; =i y or a; <^i y, so we are done. 
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In the general case, there exists, by Lemnia l5.2l z e Qj^k such that x <j z <k y. 
Applying the paragraph above to the pairs {x, z) and {z,y), we obtain that either 
X =i z OT X z, and either z =i y or z y. If x =; z and z =i y, then x =; y. 
In all other three cases, x y. □ 

Proposition 5.5. Let Q — (Qi \ i £ A) be a normal interval diagram of lattices. 
Then the following statements hold: 

(i) The strong amalgam P = [J{Qi | i G A) is a lattice. 

(ii) Qi is a sublattice of P for all i £ A. 

(iii) For all i,j S A and all incomparable a £ Qi and b £ Qj, both aW b and 
a Ab belong to Qi^j . 

Proof. We denote by Vfc (resp., Ak) the join (resp., meet) operation in Qk, for all 
A; G A. We first establish a claim. 

Claim. Let i,j,k G A with i,j < k and let {x,y) £ Qi x Qj. Lf x \\ y, then both 
xWk y and x A^y belong to Qir\j . 

Proof of Claim. If x =i y, then, as a; G Qi, we obtain that x = y, which contradicts 
the assumption that x \\ y; hence x ^i y. As Qi <int Qk, it follows from Lemma 13.51 
that xVky = a;*-*-* Vfey*-*-*, and thus, as Qi is a sublattice of Q^, xVty G Qi. Similarly, 
xMky & Qj, and hence xVk y & Qi/\j- The proof for the meet is dual. □ Claim. 

Now we establish (iii). We give the proof for the meet; the proof for the join 
is dual. Suppose that a \\ b, let G A such that a G and 6 G Qj, and put 
c = o-iiAj) b(iA,j). Of course, c < a,b. Now let a; G P such that x < a,b, we 
prove that x < c. Pick k € A such that x G Qk and set m — iAj Ak. By Lemma [5?2| 
there are a' G QiAk and b' G QjAk such that x < a' < a and x < b' < b. Suppose 
first that a' \\ b' . It follows from the Claim above that a' Ak b' belongs to Qm, thus 
to Qi/\j. As X < a' Ak b' < a, b, we obtain that x < a' Ak b' < c. 

Suppose now that a' b' , say a' < b' . By Lemma l5.2l there exists a" G Qm such 
that a' < a" <b' . If a" < a, then (as a" < b and a" G Qi/\j) a" < c, and so x < c. 
As a ^ a" (for a ^ b), the only possibility left is a \\ a" . By the Claim above, aAi a" 
belongs to Qm, but this element lies below both a and 6, thus, again, below c. As 
X < a' < a Ai a" , we thus obtain that x < c. 

Hence c is the meet of {a, b} in P, and so P is a meet-semilattice. Dually, P is 
a join-semilattice; this establishes (i). In case a, 6 G Qi, we take i — j, and thus 
c = a Ai b, and so we obtain that Qi is a meet-subsemilattice of P. Dually, Qi is a 
join-subsemilattice of P; this establishes (ii). □ 

6. Lower finite normal interval diagrams; the elements x, and x' 

For a normal diagram Q = {Qi | i G A) of posets, it follows from Definition l5.1( 2) 
that for every element a; of P = [J{Qi \ i € A), the set {i G A | x G Q^} is closed 
under finite meets. In particular, in case A is lower finite (cf. Subsection 11.31 we 
shall say that the diagram Q is lower finite), there exists a least z G A such that 
X G Qi. We shall denote this element by i^(x), and we shall call the map v: P ^ A 
the valuation associated with the normal diagram Q. 

In this section, we shall fix a lower finite normal interval diagram Q = {Qi | i G A) 
of lattices, with strong amalgam P = lJ(Qi | i G A). It follows from Proposition l5.5l 
that P is a lattice. 
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Lemma 6.1. For all x G P\Qo, there exist a largest x, < x such that i'{xt) < h'ix) 
and a least x* > x such that I'ix') < ^{x). Furthermore, the following hold: 

(i) ^{x,) and i^ix') are comparable. 

(ii) Putting i — max{i/(a;,), both equalities x, = and x* = x^^^ 
hold. 

(iii) For all y ^ P such that v{x) ^ v{y), x < y implies that x' < y, and y < x 
implies that y < x,. 

Proof. Put A' {i e A I i < v{x)] and X = {x(^i) \ i G A'}. As x ^ Qo, the set X is 
nonempty. As X is finite (because A' is finite), it has a join in P, say x,. It follows 
easily from Proposition 15.51 that i^(a;,) < lyix), whence is the largest element 
of X. The proof of the existence of x* is similar. 

As Xt < x* , there exists y G Q^{x,)/\i^{x') such that x, < y < x'. If x < y, 
then, as h'ijj) < I'ix), we get y — x* , and thus i^{x*) < Similarly, if y < a;, 

then y — Xt, and thus v^x,) < ^{x*). Now suppose that x \\ y. It follows from 
Proposition 15.51 that ^{x A y),i'{x W y) < v{y) < iy{x), thus, as a: V y < x' and 
a;, < a; A y, we get x W y = x' and x A y — x,. By using the first equality, 
we get i^{x*) ~ v{x V y) < ;^(y) < i'{x,), while by using the second one, we get 
^(x,) < v{x*), and hence ^{x,) ~ ^{x*). This takes care of (i). 

Now we deal with (ii). From i/(a;(j)), i'{x^^^) < i < I'ix) it follows that a;(j) < 
and x' < x*^*'. As both a;, and x' belong to Qi, we get ^(i) = x, and x'^^^ — x' . 

Let y G P with vix) ^ J^(y). If a; ^ y, then there exists z G Q^(x)/\i^{y) such that 
X < z < y, but v{z) < iy{x), thus x' < z, and so x' < y. The proof for x, is dual. 
This takes care of (iii). □ 



7. Extending a p-measure to an interval extension 

Recall that we introduced p- measures and p-measured posets in Definition ll.il 
We shall define the distance function on a p-measured poset P by 

||a; — y\\p — ||max{a::,y} ^ min{x, y}||f>, for all comparable x,y € P. 

Obviously, the distance function on P satisfies the triangular inequality 
\\x — z\\p < \\x — y\\p V ||y — z\\p, for all pairwise comparable x,y,z G P. 
Furthermore, the equality holds for x > y > z. 

For (V, 0)-semilattices S and T and a (V, 0)-homomorphism ip: S ^ T, a S- 
valued p-measured poset P, and a T-valued p-measured poset Q, we shall say 
that Q extends P with respect to ip, if P is a sub-poset of Q and 

\\x s% vWq = f {\\x ^ y\\p) , for all x,y e P. 

We shall then say that the inclusion map from P into Q, together with (f, form 
a morphism from P to Q, and define diagrams of p-measured posets accordingly. 
(Obviously, we could have defined morphisms more generally by involving an order- 
embedding from P into Q, but the present definition is sufficient, and more conve- 
nient, for our purposes.) 

Until Lemma 17. 8[ we fix a distributive lattice D with zero and a D- valued p- 
measured poset P. We are given an interval extension Q of P in which each 
interval of Q of the form [a;p,a;^], for a; G Q, is endowed with a p-measure 
II _ ^ _||[2.^ .jP]. We assume compatibility between those p-measures, in the sense 
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that \\x^ ~ xp\\p ~ \\x^ = xp\\^^p^^p]^, for all x £ Q. We define a map ||- ^ -||q 
from Q X Q to D,hy setting \\x ^ ?/||q — \\x ^ J/Hiajp.ajf'] in case x =p y, and 

Ik ^ vWq = ll^;^ s$ yp\\p A {\\xp yp\\p V \\x = a::p||[3,p^^p]) 

A(||x^s;y^||pV||y^ = y||[,,,,P]) 

A {\\xp y^llp V llx = xpW^^^^^p] V lly^ = y\\[y^.yP]), 

(7.1) 

if X y. 

The proof of the following lemma is straightforward. 

Lemma 7.1. The new map ||_ ^ _|| extends the original one ||_ ^ - \\p, o,nd also 
all maps of the form ||_ ^ - ll[a:j=,x^]; foT x Q. Furthermore, for all x,y Q, the 
following statements hold: 

(i) X e P implies that \\x < j/||q = \\x s$ yp\\pA{\\x < 2/^||pV||y^ = y|l[yp,y^]); 

(ii) ?/ e P implies that \\x j/||q = \\x^ ^ y||pA(||a::p ^ y||pV||x = a;p||[^p^^p]) . 

Lemma 7.2. x <y implies that \\x ^ y\\Q — 0, for all x,y £ Q. 

Proof If X =p y, then \\x yUg = ||a; yllfa^p.x^'] =0. If x ^p then, as 
P <int Q, we get x^ < yp, thus < yp\\p = 0, and so s$ j/||q = 0. □ 

Lemma 7.3. The inequality \\x ^ z\\q < \\x ^ j/||q V Hy ^ z\\q holds, for all 
x,y, z €z Q two of which belong to P. 

Proof. Suppose first that x,y G P. By applying Lemma 17.11 to \\x ^ z\\q and 
\\y ^ -^11 Q I we reduce the problem to the two inequalities 

\\x 2:p||p < \\x < y\\p A \\y zp||p , 

\\x^z''\\p<\\x^y\\pA\\yi^zP\\p, 

which hold by assumption. The proof is dual for the case y,z £ P. 

Suppose now that x,z E P. By applying Lemma mi to \\x ^ yWq and \\y ^ z\\q, 
we reduce the problem to four inequalities, which we proceed to verify: 

\\x ^ z\\p < \\x sC yp||p V \\yp s$ z\\p 

< \\xi^yp\\p\/\\y'' ^z\\p. 

\\x^z\\p< \\x ^yp\\p\/ \\yp ^ z\\p 

< yp\\p V \\yp ^ z\\p V \\y = yp\\[yp,yP] ■ 

\\xs^z\\p< ||a:^y^||pV||t/^ sCzIIp 

< \\x ^ y^llp V IIj/^ z\\p V ||y^ = y\\[y,,yn ■ 

\\x ^z\\p<\\x^ yP\\p y\\y^ = yp\\p V \\yp ^ z\\p 

- ||x < yP\\p V ||2/^ = y\\[y,^yp] V \\y = yp\\[y,^yP] V \\yp ^Z\\p. 
Hence \\x < z\\p < \\x ^ y\\Q V \\y z||q . □ 

Lemma 7.4. T/ie Boolean value \\x ^ j/||q lies below each of the semilattice ele- 
ments \\x^ < yp\\p , \\xp sC yp\\py\\x = xp\\[^p^^p], \\x^ ^ y^||pV||y^ = y\\[yp^yP], 
and \\xp sC ?;^||p V ||a; a;p||[^^_^p] V = y||[yp,yP], /or all x,y eQ. 
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Proof. This is obvious by the definition of \\x ^ y\\Q in case x y. li x =p y, 
then, putting u = xp = yp and v = x^ = y^ , the four semilattice elements in the 
statement above are respectively equal to \\v — u\\p, \\x = \\v — y\\[u.v]i and 

Ik = V \\v = y\\[u,y]. As \\v = u\\p = \\v = we need to prove that 

\\x ^ y||[M,t,] lies below both = and \\v = yll which is obvious (for 

example, \\x ^ < Ha: V ||m y\\[uM = Ik = ""H □ 

Lemma 7.5. T/ie inequalities \\xp ^ ?/||q < ^ y\\Q < \\x^ ^ ?/||q and 
Ik V^Wq < Ik ^ y|lQ < Ik JZ-pIIq ^o/d, for all x,y eQ. 

Proof. As the two sets of inequalities are dual, it suffices to prove that 
Ikp ^ uWq ^ Ik ^ vWq — Ik'^ ^ vWq- the conclusion is obvious in case 
X =p y, it suffices to consider the case where x ^p y. As, by Lemma [7.H the 
equality 

Ik"" ^ vWq = Ik"" < yp\\p A (Ik^ ^ 2/^||f> V ||2/^ - y\\[yp.yn) 

holds, it follows from Lemma [7.41 that |k ^ vWq < |k^ ^ vWq- Moreover, again 
by Lemma 1 7. 11 the equality 

Ikp s$ y\\Q = Ikp < yp\\p A (Ikp < yP\\p V \\y^ = y\\[yp,yn) 

holds, and so \\xp ^ y\\Q lies below each of the four meetands defining ^ y\\Q 
on the right hand side of (|7.1[) . and hence \\xp ^ yWq < \\x ^ yWq- O 

Lemma 7.6. The inequalities \\x ^ yWq < \\xp ^ j/||q V |k = 2^p||[a;j=,a:-P] '^i^d 
Ik ^ y|lQ < Ik y^\\Q V ||y^ = y\\[yp,yP] hold, for all x,y eQ. 

Proof. By symmetry, it suffices to prove the first inequality. Using the expression 
of Ikp ^ yWq given by Lemma 17.1( 1). we reduce the problem to the following two 
inequalities, 

Ik ^ yllg < Ikp =^ yp\\p v Ik = ^pWi^p^^p] , 

Ik ^ y|lQ < Ikp ^ y^\\p v Ik a;p||[^p_^p] v ||z/ = y\\[yp,yn , 

that follow immediately from Lemma 17.41 □ 
Lemma 7.7. The inequalities \\x^ ^ j/Hq < \\x^ = a^||[a;p,x''] V |k ^ ^IIq ff^c^ 

Ik yp|lQ < \\y = yp\\[yp,yn ^ Ik ^ y\\Q hold, for all x,y eQ. 

Proof. By symmetry, it suffices to prove the first inequality. Suppose first that 
X =p y, put u = Xp = yp and v — x^ = y^ . We need to prove that ||ti = yWq < 
\\v = x\\q V Ik ^ y\\[u,v], which is obvious since \\v = yWq = \\v = y||[„,„] and 

11^' = x\\q = Ik = x\\lu,v]- 

Now suppose that x ^p y. As in (|7.ip . |k ^ yWq is the meet of four meetands, 
so the first inequality reduces to four inequalities, which we proceed to prove: 

Ik^ ^ y||Q < Ik^ ^ yp||p (by LemmaOD 

< Ik-^ = xIIq V Ik < Z/p||q (by Lemma Ol) 

< Ik^ = x\\[,^^^^p] V Ik^ =^ yp||p (by LemmalLS]). 
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(We have used the easy observation that \\x^ — x\\q — \\x^ 

\\x^ ^vWq <\\x^ ^yp\\p (by Lemma [LSI) 

< \\x^ = xp\\p V \\xp ^ yp\\p 

= = a;||[^^^^p] V \\xp s$ yp\\p V 



xp\\l: 



^ vWq < \\x^ ^ y^\\p V lly^ = y\\Q (by LemmaEll) 

< Wx'' = x\\[,,.ccn V ll^:^ y'^Wp V = y\\[y,,yP] ■ 

Ik'' ^ yWq < ^ z/^||p V llz/^ - yllQ (by LemmalZS]) 
< = xp\\p V\\xp^ y^||p V = y\\[yp,yP] 

= = x\\ij:p,a:P] V ||xp y^||p V \\x = xp||[^^_^p] V ||y^ = y\\[yp,yP] , 



The proof of the inequahty ^ VpHq < \\y = yp\\[yp.yP] V ||a; ^ ?/||q is duaL □ 

Lemma 7.8. The inequality \\x ^ z\\q < \\x ^ ?/||q V \\y ^ z||q holds, for all 
x,y,z e Q. 

Proof. This is obvious in case x =p y =p z, as ||_ ^ ,;,p] is a p-measure. So 

suppose that either x ^p y ot y ^p z, say x ^p y. Expressing the Boolean value 
ll^^ ^ 2/IIq 3'S in we reduce the problem to four inequalities, that we proceed 

to prove: 



which completes the proof of the inequality 



Wx'' ^y\\Q < Wx'' = x\ 



1 V||a;^2;|lQ. 



\\x < z\\q < \\x^ z\\q 



(by Lemma [73]) 
(by Lemma [73)1 
(by Lemma l7.5p . 



< \\x'' s^yp\\pV\\yp ^ z\\q 

< sSypllpVlly ^z||q 



z\\q < \\xp s$ z\\q V = a;p||[^^^^p] 



< \\xp ^ ?/p||p V \\x = a;p||[^^^^p] V \\y z\\q 



< ||a;p yp||p V \\yp z\\q V = xp||[a.^^^p] 



(by Lemma [7IB|) 
(by Lemma [775]) 
(by Lemma [775]) ■ 



(by Lemma [7T5|) 
(by Lemma [73| 
(by Lemma [7771) . 



< ll^^^^y'^llpVlly^^zllQ 



< \\xP «C yP\\p V ||y^ = y||[,p,j,p] V \\y ^ z\\q 



\\x < z\\q < \\xp ^ z\\q V ||a; = a;p||[xp,i:-P] (by Lemma[776l) 

< ||a;p ^ y^\\p V \\y^ < z||p V \\x = a;p||[^j,^^p] (by Lemma[7731) 




□ 



So we have reached the following result. 
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Proposition 7.9. Let D be a distributive lattice with zero, let P be a D-valued 
p-measured poset, and let Q be an interval extension of P in which each interval 
of Q of the form [xp,x^], for x Q, is endowed with a p-measure ||_ ^ - ll[2:p,a;''] 
such that \\x^ = a;p||j3 — \\x^ — xp\\[xj, ,j.p] for all x ^ Q. Then there exists a 
common extension of all p-measures |j_ ^ o,nd ||_ ^ for x d Q, to 

a p-measure on Q, given by (j7.ip on pairs {x, y) such that x y. 

8. Doubling extensions; the conditions (DBl) and (DB2) 

For a poset A and a A-indexed diagram S — {Si,(pi.j | i < j in A) of (V,0)- 
semilattices and (V, 0)-tioniomorpliisms, we sliall say tliat a A-indexed diagram 
(Qj I « G A) of p-measured posets is S-valued, if is S'i-valued and Qj extends 
with respect to (pij for all i < j in A. 

We shall also use the convention of notation and terminology that consists of 
extending to p-measured posets the notions defined for posets, by restricting them 
to the underlying posets and stating that the poset extensions involved preserve the 
corresponding p-measures. For example, we say that a p-measured poset Q is an 
interval extension of a p-measured poset P, in notation P <int Q, if Q extends P 
and the underlying posets (cf. Notation II. 2p satisfy P <iat Q- In particular, a 
normal interval diagram of p-measured lattices is a diagram of p-measured lattices 
whose underlying posets form a normal interval diagram. 

Definition 8.1. Let P and Q be p-measured posets such that P <rc Q- We say 

that Q is a doubling extension of P, in notation P <db Q, if — xp\\ ^ \\x^ = x\\ 
for all X ^ Q. Equivalently, either ||a;"^ = xp\\ = \\x = a;p|| or \\x^ — xp\\ = 
\\x^ = x\\, for all X £ Q. 

The following lemma shows that under mild assumptions, doubling extensions 
are transitive. 

Lemma 8.2. Let P, Q, and R be p-measured posets. If P <rc Q <rc R, P <int R, 
and P <db Q <db R, then P <db R- 

Proof. Let x G i?, we prove ||x = xp\\ ^ = a;||. As Q <db R, we get 

11^^ = ^qII ll^^*^ — A\- Hence, if {xq,x^} C P, then xp — xq and x^ — x^ , thus 
we are done. Suppose that {xg, x^^ %P ^ say a:'^ ^ P- As P <int R and a; ~ a;'^, it 
follows from Lemma [3.61 that x ^ (x9^p. If a: < {x9)p, then, as (a;'^)p < a;'^ and 
(a;'5)p belongs to P, we get x'^ — {xP)p G P, a contradiction; hence {xP^p < x. 
As Xp < (x'3)p and (x'^)p G P, we get (a:'^)p = xp. As P <db Q, we get 
= x'^ll ^ llx*^ = a;p||. But this also holds trivially in case x^ G P, so it holds 
in every case. So we have proved the following: 

Wx^ = xQ\\^\\xQ =xp\\. (8.1) 

The dual argument gives 

llxQ = a;p|| ^ = a;Q||. (8.2) 

If ||a;-^ = a;Q|| < ||a;Q = a;pl|, then we get ||a;Q — xp\\ — \\x-^ — xp\\, and thus 
1 1 a; — xp\\ ~ \\x-^ — xp\\, and we are done. Dually, the same conclusion follows 
from = a;p|| < ||a;^ = 

By (|8.ip and (|8.2p . it remains to consider the case where both inequalities 
\\xq = a;pl| < \\x^ — xqW and \\x^ — x^\\ < ||a;'5 — xp\\ hold, in which case 

||xQ=xp1| = 11x^-xq||-||x^ = xp||. (8.3) 
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From Q <db R it follows that \\x^ — x\\ ^ \\x = xq\\. Suppose, for example, that 
\\x — xqW < Wx'^ — x\\. Hence — x\\ = ||a;'5 = xq\\, and we get 

Wx^ ^x^\\y \\xQ = x\\ 

\xP ^x'^\\V\\xQ ^xqW 

\x^ = a;Q|| 

\x^^xp\\ (see 
> \\x = Xp\\. □ 

From now on until the end of this section, we shall fix a finite lattice A with 
largest element £, a A- indexed diagram D = {Di,ipij j i < j in A) of distributive 
lattices with zero and (V, 0}-homomorphisms, a Df^^ -valued normal interval dia- 
gram (Qj \ i < £) of p-measured lattices. In addition, we assume that the following 
statements hold: 

(DBl) Qj is a doubling extension of for all i < j < £. 

(DB2) For alH < £ and all x,y G Qi with i^{x) ^ v{y), \\x — x,\\q^ = \\x' ~ x,\\q. 
implies that ||a: ^ yWq^ = \\x* ^ yWq^ and ||a;' x\\q. \\x' = x,\\q. 
implies that \\y ^ x\\q^ = \\y ^ x,\\q.. 
As usual, we denote by P = [J{Qi I * < ^) the strong amalgam of {Qi \ i < £). 

Remark 8.3. It suffices to verify (DB2) in case x \\ y. Indeed, let x,y G Qi such 
that v{x) ^ i^{y) and = = = a;, || (to ease the notation, we drop the 
indices QJ. If a: < y, then, by Lemma W\\ x' < y, thus < y\\ — \\x* < y\\ = 0. 
If y < X, then, again by Lemma l6.1i y < x,, and so 

11^^ ^ y\\ — 11^ = a;, II V ||a;, — y\\ (because y < x, < x) 

= = x.ll V = y\\ (because = = = x,\\) 
= Ik* < 2/11- 

The proof that x ^ y and I'ix) ^ z^(j/) and \\x' — x\\ = = x, || implies that 
\\y ^ a;|| ||y ^ a;, || is dual. 

Notation 8.4. We add a largest element, denoted by 1, to D^, and for all x,y G P, 
we define an element |x ^ ?/] of U {1} as follows: 

1 1, otherwise. 

It is obvious that the value of |x ^ yj defined in the first case is independent of the 
choice of i such that i'{x) V z^(y) < i < £. We also put 

|x = y] = |max{x, y} ^ min{x, y}], for all comparable x,y G P. 

Lemma 8.5. The elements fx = a;(i)] and fx^^^ — x] are comparable, for all x £ P 
and all i < £. Furthermore, [x* = a;] |a; = x,] for all x E P \ Qq. 

Proof. Let a: e P. As x G Qj for some j < £, we get X(i) = and x^*^ — x^*^-'^ 

(cf. Lemma iniKi)). As Q,;^^- <db Qj, we get ||x = X(^i^j)\\Q. ~ ||x(*^^) = x\\q^, that 
is, ||x = 2^(2) IIq ll^;''' — x||q., and thus, applying (pj/, we obtain the relation 
|x = xr,J ~ IxW =xl. 
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It follows from Lemma 16.11 that ^{x,) and i^{x*) are comparable and that, if i 
denotes their maximum, then x, — and x' = x^^\ By applying the result of 
the previous paragraph, we obtain \x* — x\ ^ \x — x,\. □ 

Now we put 

P® = {.T e P \ Qo I {x = X.} - Ix' = x,}}, 
pe = {x e p \ go I K - xl = Ix' = x,}}. 

If x belongs to Qi \ Qq, then G Qi. Hence, both |x = a;,] and |a;' = x] 

are evaluated by the formula giving the case ^{x) V < ^ of (|8.4p . Therefore, it 
follows from Lemma [53] that P \ Qo = P® U P®. 



9. Strong amalgams of p-measured posets; from |x < y] to < y\\ 

From now on until Lemma 19.121 we shall fix a finite lattice A with largest ele- 
ment £, a A-indexed diagram D — (Di, ipij | « < j in A) of finite distributive lattices 
and (V, 0}-homomorphisms, a _D -valued normal interval diagram (Q^ | i < £) of 
p-measured lattices. Furthermore, we assume that the conditions (DBl) and (DB2) 
introduced in Section [8] are satisfied. 

We denote by P the strong amalgam of {Qi \ i < £) and by p{x) the height of i'{x) 
in A, for all a; e P. 

Lemma 9.1. For every positive integer n and all elements xq, xi, . . . , Xn G P, 

v{xq) V iy{xn) < e implies that (xq < a;„] < Vi<„l3^i ^ Xi+ij. 

Proof. We argue by induction on the pair {n,J2]!:=o Pi-'^k)), ordered lexicographi- 
cally. The conclusion is trivial for n — 1. 

Now suppose that n = 2. If either I'ixo) V J^(xi) — £ or i'{xi) V i'{x2) = £, then 
the right hand side of the desired inequality is equal to 1 and we are done; so sup- 
pose that vixo) V v{xi), v{xi) V v{x2) < £■ If v{xi) < v{xo) V v{x2), then, putting 
k = I'ixo) V i'{x2) (which is smaller than £), all the Boolean values under consider- 
ation are images under ipkj of the corresponding Boolean values in Q^, so the con- 
clusion follows from the inequality ||a;o ^ 2;2||qj. < ||a;o ^ ^jiHq^, V ||a;i ^ a^2||Q^ (we 
will often encounter this kind of reduction, and we will summarize it by "everything 
happens below level A;"). Now suppose that I'ixi) ^ J^(xo) V iy{x2)- In particular, 
xi ^ Qo and i^{xi) ^ i^{xo), '^{x2)- By Lemma 1531 xi belongs to P® U P®. If 
xi G P®, then, as v{xi)Vi'{x2) < £ and by (DB2), < 2:2] = [(a^i)' < 2:2], hence 

|xo ^ X2} < {xq ^ (a^i)'] V |(a;i)' ^ 2:2] (by the induction hypothesis) 

< {xo < a;i] V {xi ^ X2I (because |a;o ^ {xi)'j < {xq ^ xij) 

so we are done. The proof is symmetric in case xi G P®. This concludes the case 
where n — 2. 

Now assume that n > 3. It v^Xi) V v(xi+i) — £ for some i < n, then the right 
hand side of the desired inequality is equal to 1 and we are done; so suppose that 
y{xi) W v{xij^i) < £ for all i < n. Suppose that there are i,j such that < i < j < n 
and 2 < j — i < n such that ^{xi) V iy{xj) < £. It follows from the induction 
hypothesis that {xi ^ Xjj < \J i<_k^Axk ^ a^fc+i]- Hence, using again the induction 
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hypothesis, we get 

|a;o < a;„] < Y Xk+ij V {x.^ ^ x^j V \/ {xk ^ Xk+i] 

k<i j<.k<n 

< y ixk^ xk+ij , 

SO we are done again. Hence suppose that < i < j < n and 2 < j ^ i < n imphes 
that ^{xi) V I'ixj) — £, for aU i, j. As h'{xi) V j^(x„) — £ while v{xo) V ^{xn) < i {we 
use here the assumption thatn > 3), we get i^(xi) ^ v{xo). As 1^(2:2) Vj/(a;3) < £ and 
i^(xi) V i^(x3) = £, we get i^lxi) ^ 1^(0:2). Hence, if xi € P®, then, as v{xi) ^ t^(a;2) 
and by (DB2), |xi ^ X2I = |(a;i)* ^ 0:2], and hence, by using the induction 
hypothesis and the obvious inequality [xq ^ (2:1 )*] < Ixq ^ xij ("everything there 
happens below level iy{xo) V we get 

IxQ ^ x4 < IxQ ^ {xi)'j V |(a;i)' s$ X2I V \/ {x, x,+ij 

2<i<n 

< \/ l^k ^ Xk+lj , 
k<n 

SO we are done. If xi G P®, then, as J^(a;i) ^ I'ixo) and by (DB2), [xq ^ xij = 
|a;o ^ (xi),], hence, by using the induction hypothesis and the obvious inequality 
l{xi), < 2:2] < l^i < X2j, we get 

Ixo ^ Xn] < Ixo ^ {Xi)4 V lixi), ^X2jV V fx, X,+i] 

2<i<n 

< \/ l^k ^ Xk+lj , 
k<n 

SO we are done. As xi g P® U P® (cf. Lemma TS.Sp . this completes the induction 
step. □ 

Notation 9.2. We put 

Piz) = {t e P I Ht) < iy{z)}, 

p®(z) = P(z)nP®, P®(z) = P(z)nP®, 

for all z ^ P. Furthermore, for all x,y ^ P, we define 

11^^ ^ 2/ir = A(I^ ^ V [t < yl U e P(y)) , (9.1) 
11^ ^ y\r = A(I^ < i] V [t < yl I i e P{x)) , (9.2) 

< y||± - < 7/] V 1^/ sc: t;! V It; sc: y] I («, v) G P®(a;) x P®(y)) , (9.3) 

< y|| = [a: A ||x y||+ A A \\x ^ y||± . (9.4) 

(All meets are evaluated in D(, the empty meet being defined as equal to 1.) We 
observe that the meet on the right hand side of (|9.ip may be taken over all t g P{y) 
such that i^{x) V ^{t) < t. indeed, for all other t G P(y), we get |x ^ i] = 1. 
Similarly, the meet on the right hand side of (|9.2p may be taken over all t e Pix) 
such that v(t) \/ v{y) < and the meet on the right hand side of (|9.3p may be 
taken over all € P®(a;) x P®{y) such that v{u) V v{v) < £. 

Lemma 9.3. ||a; y\\ < |x t] V p < ?/] for all x,y,te P. 
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Proof. We argue by induction on p{x) + p{y) + p{t). If v{x) V v{t) — t or 
v{t) V = ^ then the right hand side of the desired inequality is equal to 1 so we 
are done. Suppose, from now on, that v{x)\/ v{t), v{t)\/v{y) < £. If v{x)\/ v{y) < £, 
then it foUows from Lemma [9?T] (for n = 2) that |a; ^ y] < |a; ^ t] V |i ^ y], so we 
are done as ||x ^ y\\ < |a; ^ ?/]. Now suppose that iy{x) V I'iy) — i. In particular, 
x,y ^ Qq. If t G Qq, then t e P{y), thus 

W^^yW < \\x^y\\+ <lx^t]Wlt^y]. 

So suppose that t ^ Qq. If I'ix) < v{t), then "everything happens below level 
vlt) V (which is smaller than £), so we are done. The conclusion is similar in 

case v{y) < v{t). 

So suppose that v{x),v{y) ^ v{t). If v{t) < v{y), then v{t) < v{y) (because 
T^{y) ^ v{t))i thus t e P{y), and thus 

so we are done. If i e P® and v{t) ^ v{y), then, by (DB2), |t y] = |f < y], and 
thus 

^ y|| <lx ^ t'l V {f ^ y] (by the induction hypothesis) 

< Ix ^ V p ^ y] , 

so we are done again. This covers the case where t G P® . The proof is symmetric 
fortePe. □ 

Lemma 9.4. \\x ^ y|| < |x ^ w] V |m ^ u] V |t; ^ y] for all x, y,u,v G P. 

Proof. We argue by induction on /3(a;)+/9(y)+/9(u)+p(i;). If either h'(x)\/h'{u) — i or 
v{u)\/v{v) = £ or i/(?;)Vi/(y) — £, then the right hand side of the desired inequality is 
equal to 1 and we are done. So suppose that :/(a;) Vz^(m), i^(u) Vi'(w), j^(w) Vz/(y) < £. 
If i'{x) V ^{v) < £, then, by Lemma [97l] we get |a; ^ w] < |a; ^ u] V |u ^ w], and so 

||a; < y|| < (x vj V (v < y] (by Lemma[931) 

< Ix s$ u] V |m s$ w] V |i) y] . 

The conclusion is similar for i^iu) V //(y) < i?. So suppose that h'{x) V i^(t;) = 
h'iu) V i^(y) = ^. In particular, h'{x) ^ J^('u), i^(y) ^ ^(''^)7 and i^(w) || so 
x,y,u,v ^ Qq. 

Suppose that it e P®. As i^(u) ^ j/(i;) and by (DB2), we get |u s$ u] = fu' < i;], 
hence 

^ y\\ < 1^; ^ u*l V fu* ^ w] V |ti ^ y] (by the induction hypothesis) 

< |a; m] V |u ^ -y] V y] (because |a; ^ u'j < {x uj). 

Suppose that u € P® and i'{u) i^{x). As i/lx) ^ t^(u), we get j^(w) ^ i^(a;), thus 
|x ^ m] = ^ u,], and so 

\\x ^ y|| < {x ^ M,] V |u, ^ f ] V |w ^ y] (by the induction hypothesis) 

< |a; ^ w] V |-u ^ w] V Iw s$ y] (because |u, s$ t;! < |it v]). 

The case where either v € P® or (w e P® and ;^(w) ^ i^(y) is symmetric. The only 
remaining case is where u S P®(a;) and w G P®(y), in which case 

y|| < \\x ^ y\\^ < b ^ ul V [u t^l V < y]. □ 
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Consequently, we get the formula 

Ik < y|| = s$ V |-it w] V |w s$ y] I M,u G P) , for all y G P. (9.5) 
Lemma 9.5. ^ z\\ < \\x ^ y\\ V |y $J z] for all x,y, z E P. 

Proof. If i/(y) V i^iz) ~ i then |y ^ z] = 1 and the conclusion is trivial. Suppose 
that i/(y) V i/(z) < £. A direct use of Lemma [9.31 yields the inequality \\x ^ z\\ < 
{x ^ yJW In ^ zj, while a direct use of Lemma [HH] together with the distributivity 
of yields that \\x ^ z\\ < \\x ^ y\\~^ A ^ y\\^ V |y ^ zj. It remains to establish 
the inequality ||a; ^ z\\ < \\x ^ y||^ V fy ^ z], which reduces, by the distributivity 
of Di, to proving the inequality 

||a; ^ z|| < < u] V |u i;] V |i; s$ y] V |y < z], (9.6) 

for aU {u,v) e P^{x) x P®{y). From i^{v) < v{y) it follows that |u < z] < 
|f ^ y] V |y ^ z\ ("everything there happens below level v{y) V ;/(z)"), and hence 

\\x ^ z|| < |a; < It] V |-it t;] V |t; s$ z] (by Lemma [O)) 

< < m] V lu ^ «1 V It; ^ y] V ly < z], 

which completes the proof of (|9.6|) . □ 

Lemma 9.6. \\x ^ z|| < \\x ^ y\\ V ||y ^ for all x,y,z G P. 

Proof. For elements u,v £ P, we get, by three successive applications of Lemma [9.5l 
the inequalities 

\\x^u\\ < ||x s; y|| V |y s; ; 
||a; sC v\\ < \\x < u\\ V |u < u] ; 

||xscz|| < ||x s; v|| V z] . 

Hence, combining these inequalities, we obtain 

||a; ^ z|| < ||a; y|| V ly lil V |ii «C i;l V |f z] . 

Evaluating the meets of both sides over m, u G P and using (the easy direction of) 
()9.5p yields the desired conclusion. □ 

As a consequence, we obtain the following simple expression of ||a; ^ y||. 

Corollary 9.7. The Boolean value \\x ^ y|| is equal to the meet in Di of all 
elements of D( of the form 

[x ^ 2i] V |2i Z2] V • • • V |z„_i < yl , (9.7) 

where n is a natural number and zq, zi, . . . , z„ G P such that zq = x, Zn = y, and 
v{zi) V v{zi+i) < £ for all i < n. Furthermore, it is sufficient to restrict the meet 
to finite sequences (zq, Zi, Z2, Z3) {so n ~ 3). 

Proof. Denote temporarily by ||a; ^ y||* the meet in Di of all elements of of 
the form (|9.7p . An immediate application of the easy direction of (|9.5p yields the 
inequality ^ y|j* < \\x y||. Conversely, for every natural number n and all 

Zq, zi, . . . , z„ G P such that zo = a;, z„ = y, and v{zi) V v{zi^i) < £ for all i < n, 

\\x ^ y\\ < y \\z^ ^ z,+i\\ (by Lemma iH) 

< V ^ (because ||zi ^ Zi+i|| < |zi < z^+i]), 

'i<n 
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which concludes the proof of the first part. The bound n = 3 foUows from the easy 
direction of (193]) . □ 

As an immediate consequence of Lemma 19. 1[ we obtain that the equahty 
ll^^ ^ y\\ — \^ ^ v\ holds for all x,y E P such that t/(a;) V < £. Hence 
we obtain the following lemma. 

Lemma 9.8. The p-measure ||_ ^ -|| extends the p-measure ||_ ^ -IIq^ with 
respect to (fi^i, for all i < £. 

Definition 9.9. The strong amalgam P = [J{Qi \ i < (), endowed with the p- 
measure ||_ ^ _|| constructed above, will be called the strong amalgam of the 
family {Q^ \ i < t) with respect to D. 

So we have reached the main goal of the present section. 

Proposition 9.10. Let K he a finite lattice with largest element let 
D = {Di,ipij \ i < j in A) be a A-indexed diagram of finite distributive lattices 
and {W ,Q)-homomorphisms, and let {Q^ \ i < t] be a D\^i -valued normal interval 
diagram of p-measured lattices satisfying (DBl) and (DB2). Then the strong amal- 
gam P of (Qj \ i < t] [see Definition 19. 9p is a Dg-valued p-measured lattice, which 
extends with respect to ipij, for all i < £. 

Lemma 9.11. Under the assumptions of Proposition \9.10\ the p-measured poset P 
is a doubling extension of for all i < £. 

Proof. An immediate consequence of Lemmas 18.51 and 19.81 □ 

The goal of the following lemma is to propagate the assumption (DB2) through 
the induction process that will appear in the constructions of Theorems llO.Tj and fTir^ 

Lemma 9.12. For all x,y E P, the following statements hold: 

(i) {I'ix) ^ i^iy) and x G P®) implies that \\x ^ y\\ — \\x' ^ y\\. 

(ii) {^{y) ^ i^ix) cind y G P®) implies that \\x ^ y\\ = \\x ^ y,\\. 

Proof. As (i) and (ii) are dual, it suffices to establish (i). We first claim that for 
all X G P® and all y £ P, i/{x) ^ ^{y) imphes that {x* ^ y] < |a; < y]. Indeed, 
the equahty holds by assumption (DB2) in case ^{x) V ^{y) < I. If v{x^ V v{y) = 
then |a: y| = 1 and we are done again. 

Now let X S P® and y E P such that ^{x) ^ i^iy), we must prove that ||a;' ^ y\\ 
lies below |x ^ y], ||a: ^ y|| + , < y||^, and ||a; ^ y||''=. 

||a;' ^ J/ll < K < yj (see ^) 

< fx ^ y] (as i/{x) ^ i'{y) and by the claim above). 

Now let t e P{y). 

\\x' s; y\\ < Ix' s; il V |< y] (by LemmaES]) 

< |a; ^ V p ^ y] (as i'{x) ^ ^{t) and by the claim above). 

Evaluating the meets of both sides over t e P®(2/) yields \\x' ^ y\\ < \\x ^ 

A similar (but not symmetric!) proof yields ||a;' ^ y|| < \\x ^ y|| • Finally, let 

u e P®(a;) and v £ P®(y). Then 

||a;' < y\\ < (x' ujW {u vjW {v yj (by hemmnWM 

< |a; < u] V |u ^ v] V |w ^ y] (as ^{x) ^ v{u) and by the claim above). 
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hence, evaluating the meets of both sides over {u,v) € P^{x) x P®{y), we get 
^ y\\ < \\x ^ y||^, which completes the proof. □ 

10. Constructing a p-measure on a covering, doubling extension of a 

strong amalgam of lattices 

Let A, D, and (Qj \ i < £) satisfy the assumptions of Proposition 19.101 with 
strong amalgam P (cf. Definition 19. 9|) . By Proposition I9.10( ||_ ^ _||p is a De- 
valued p-measure on P, which extends each p-measured lattice with respect to 
the corresponding (V, 0}-homomorphism (pij. 

Now we let Q be a covering extension of P. Furthermore, we assume that each 
closed interval [xp, x^] of Q, for x G Q, is endowed with a p-measure |j- ^ - ll[a;j=,a;J'] 
such that 

\\x ^ xp\\[xp,xP] ^ ^ x\\[^^^^p], for aU a; e Q, (10.1) 

^ xp\\[^p^^p] = \\x^ ^ xp\\p , for aU a; e Q. (10.2) 

(Observe that the notation \\x^ ~ xp\\p in (|10.2|) above does not involve the full 
definition of the strong amalgam given in Definition 19.91 indeed, from P <cov Q 
it follows that xp x^; as P is the strong amalgam of {Qi \ i < £), xp and x^ 
belong to some Qi, and so we can just put ||a;^ — xp\\p — ipi^e(^\\x^ = xp||q.), 
which is independent of the chosen i.) 

The goal of the present section is to extend ||_ ^ _ ||p to a p-measure on Q such 
that, setting = Q, the extended diagram {Q^ \ i <i) satisfies the assumptions 
of Proposition 19. 101 

We need to verify several points. First, for all i < I, as Qi <int P and P <cov Q^ 
we obtain from Lemma 15.41 that Qi <int Q- Item (3) of Definition 15.11 for the 
extended diagram {Q^ \ i < £) follows from the definition of the ordering of Pi (cf. 
Section[5]). Further, the new valuation on the extended diagram (Qj \ i < t) extends 
the original one (so we shall still denote it by v), and v{x) = i for ail x £ Q\P. In 
addition, the elements x, and x* (cf. Lemma l6.1|) remain the same for x £ P \ Qo, 
while X, — Xp and x* = x^ for all x £ Q \ P. 

Now we denote by ||_ ^ _||q the p-measure that we constructed in Section [7| 
(cf. Proposition [7J]), extending ||_ ^ _||p and all p-measures ||- ^ _||[^^ .j;J>], for 
X £ Q — this is made possible by (|10.2p . It follows from the assumption (jlO.ip that 
= x\\q ^ \\x ~ xp\\q for all x £ Q; that is, Q is a doubling extension of P. As 
Qi <int Q and by Lemmas 19.111 and 18.21 (applied to the extensions Qi < P < Q), 
we obtain that Q is a doubling extension ofQ^. This takes care of extending (DBl) 
to the larger diagram. 

It remains to verify that {Q^ \ i < i) satisfies (DB2). So let x,y £ Q such 
that ^{x) ^ ^^(y)j we need to verify that ||a; = x^Wq = \\x* = a;,||Q implies 
that \\x < y\\Q = \\x' < ?/||q and \\x' = x\\q = ||a;* = x,\\q implies that 
\\y ^ x\\q — \\y ^ ^'IIq- We prove for example the first statement. From 
i'{x) ^ i'{y) it follows that y £ P. li x £ P then we are done by Lemma 19.121 
so the remaining case is where x £ Q \ P. Observe that x, — xp and x* = x^ . As 
y £ P, the Boolean value ^ j/Hq is given by Lemma iT.lf ii). Hence proving the 
inequality \\x' ^ yWq < \\x ^ ?/||q reduces to proving that \\x^ ^ y\\Q (of course 
equal to \\x^ ^ y\\p) lies below both ||a;-^ < y\\p and ||a;p ^ 2/||p V ||a; — xp\\[x:p,xP]- 
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The first inequality is a tautology, and the second one is proved as follows: 
ll^;^ ^ y\\p < \\x^ — xp\\p V \\xp ^ y\\p (because ||_ ^ _ ||p is a p-measure) 

= = xpWq V ||a;p ^ y\\p (because ||x = x,\\q = ||a;* = x,\\q) 

= = xp\\i^p^r,p] V \\xp s$ y||p . 

As the inequality ^ yWq < \\x' ^ yWq always holds, we have proved the equality, 
and hence the extended diagram (Qj \ i < £) satisfies (DB2). So we have reached 
the following theorem, which is the main technical result of the present paper. It 
refers to the conditions (DBl) and (DB2) introduced in Section [H 

Theorem 10.1. Let A be a finite lattice with largest element £, let 
D = {Di,ipij \ i < j in A) be a A-indexed diagram of finite distributive lattices 
and {y ,Q)-homomorphisms, and let {Q^ \ i < t] be a D\^i -valued normal interval 
diagram of p-measured lattices satisfying (DBl) and (DB2). Let Q be a cover- 
ing extension of the strong amalgam P of {Qi \ i < £). Furthermore, we assume 
that for all x G Q, the closed interval [xp,x^] of Q is endowed with a p-measure 
II- ^ -llfip.xJ'] (depending only of the interval [xp,x^]) such that 

\\x = xp\\[xp,xP] ~ l|a;^ = x\\[^^^^p] and \\x^ = xp\\[^^^^p] = \\x^ = xp\\p . 

Then there exists a Dg-valued p-measure onQ extending all p-measures ||- ^ -llf^p.^^'] 
such that, defining as the corresponding p-measured poset, the extended diagram 
{Qi I * < ^) is a D-valued normal interval diagram of p-measured posets satisfying 
(DBl) and (DB2). 

This result makes it possible to state and prove our main theorem. 

Theorem 10.2. Let A be a lower finite meet-semilattice and let 
D = (Di, ipij \ i < j in A) be a A-indexed diagram of finite distributive lattices and 
{\/ ,0^l)-homomorphisms. Then there exists a D-valued normal interval diagram 
{Qi I i e A) of finite p-measured lattices satisfying (DBl) and (DB2) together with 
the following additional conditions: 

(i) For all i < j in A and all x < y in Qi, there exists z G Qj such that 
X < z < y. 

(ii) \\y = x\\q. G J(-Di) U {0}, for all i ^ A and all x,y €z Qi such that x -<q. y. 

(iii) For all i E A and all p G 3{Di), there exists x G Qi such that x and 

II-^ = o||q, =p. 

Proof. We construct Q^ by induction on the height of i in A. After possibly adding 
a new zero element to A, we may assume that Dq = {0, 1}, so we take Qo = {0, 1}, 
with the p-measure defined by ||1 = 0||q|^ = 1. Put A„ = {i G A | height(i) < n} 
and denote by the restriction of D to A„, for every natural number n. Sup- 
pose having constructed a Z?(„) -valued normal interval diagram {Q^ \ i G A„) of 
finite p-measured lattices satisfying (DBl), (DB2), and Conditions (i)-(iii) of the 
statement of the theorem, we show how to extend it to a Z?(„_|_]^)-valued normal 
interval diagram of finite p-measured lattices satisfying (DBl) and (DB2). In order 
to propagate Item (2) of Definition 15.11 through our induction, we shall add the 
following induction hypothesis: 

Every a; G I \{Qi \ i G A„) can be written in the form {x, v{x)), (10.3) 
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where v denotes the valuation associated with the diagram (Qi | i G A„). Let i G 
A„+i \ A„ and denote by the strong amalgam of (Q^ \ i < I) with respect to D 
given in Definition 19.91 It follows from Proposition 15.51 that Pi is a lattice and 
every Qi, for i < i?, is a sublattice of P^. For all a; y such that \\y = x\p^ > 0, 
we put 

'^x,y/ ^ {pe 3{De) \ p<\\y ^ a;||pj, 
Bx,y,e = (the powerset lattice of lx.y,£), 

Q,,y^, = {{X, 0) I X c 1,,,,,} u {(1,,,,,, r) I r c i.,^yj]. 

Observe that the condition \\y = x\\p^ > implies that the set Ix.y.e, that we shall 
often denote by 1, is nonempty. Also, y g is a sublattice of Bx,y,i x Bx,y/. 

Hence ^ is the ordinal sum of two copies of the Boolean lattice B^^y/, with 
the top of the lower copy of B^.y^i (namely, (AT, 0) where X = lx,y,i) identified 
with the bottom of the upper copy of Bx^y/ (namely, (1, Y) where Y = 0). 

We endow y £ with the p-measure ||_ ^ defined by 

||(Xo,0) {Xi,0)\\x^y^i = \/iXo\Xi), 

\\{l,Yo) ^ {l,Y,)\\x,yj^\/{Yo\Y,), 

\\{x,0) < (i,r)|U^^,, = o, 

11(1, y) ^ {X,0)\\x,yJ^\/{ZXLiY), 

(where we put CX = lx,y,e \ X), for all X, Xq, Xi, Y, Yq, Fl C 1 (it is easy to verify 
that this way we get, indeed, a p-measure on Qx y i)- Further, we put 

Q'x,y,i = Qx,y,e \ 0): (1, 1)} ('truncated Qx^y/), 

Qx,y,i = {{{t,x,y),£) \ t<EQ',^y^g}, 

where Q'^ y endowed with the restrictions of both the ordering and the p-measure 
of Qj, y g and Qx,y,i is endowed with the ordering and p-measure for which the map 
t {{t,x,y),i) is a measure-preserving isomorphism. So Qx,y,i is the result of 
applying to Qx,y,i the following two transformations: 

— Remove the top and bottom elements of Qx.y/, get y i- 

— Replace t by {{t,x,y),i), for aU t G Q'x,y/, get Qx.,y,e- 

The latter step (from Q'^ y e Qx.y,e) is put there in order to ensure the induction 
hypothesis (jlO.Sp while making the Qx,y,is pairwise disjoint. 

In case \\y — xHp, — 0, we pick an outside element tx,y^i and we set Qx,y,i — 
{{tx,y,i, f-)}, the one-element poset. Furthermore, we endow Qx,y,i — {^i {tx,y,e, i)} 
with the p-measure with constant value 0. 

Observe that in any case, Qx,y,i is nonempty. 

Put Qe = Pe + J2iQx,y,i \x ^y in Pg) (cf. (jX^ ). Then (fTU?^ is maintained at 
level £, and Qg is an interval extension of Pg (cf. Lemma I3.8|) . In fact, as Qx,y,i 
is defined only for x -< y in Pg, the poset is a covering extension of Pg (cf. 
Definition l4.ip . We shall still denote by ||_ ^ _ \\x.y,e the p-measure on Qx,y,e^{x, y} 
induced by the p-measure on y g defined above. As Pg is a lattice and [a;, j/Jg^ — 
Qx,y,e U {x, y} = ^ is a lattice for all x ~< y in Pg, it follows from Lemma 13.51 
that Qg is a lattice. 
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Now we verify Conditions ()10.1|1 and ()10.2|) with respect to ||_ ^ -||p« and all 
p-measures ||- ^ -||a;,j//- Fix a; ^ y in and let z € Qx.,y,t] -^ff ~ ^ and 
z^^ = y. If ||y — x\\pi, = 0, then all members of both (|10.ip and (|10.2p are zero, 
thus trivializing the corresponding statements. Hence suppose that \\y = x\\p^ > 0. 
Condition (|10.ip follows immediately from the inequalities 

||(x,0) = (0,0)|U.,,, = \/^< ll?y = ^l|p. = 11(1,1) -(^,0>IU.,,£, 

for all X C lx,y,e- Condition p0.2p follows from the equalities 

11(1,1) = {0,0)\\x,y^l = \/ lx,y.e = \\y = X\\p, . 

Hence, by Theorem llO.li there is a p-measure on Qi, extending all p-measures 
II- ^ -IU,i//i such that (Qj \ i < () is a Z3<£ -valued normal interval diagram of 
p-measured lattices satisfying (DBl) and (DB2). 

Now we verify Conditions (i)-(iii) of the statement of Theorem 110.21 Let i < i 
and let a; < y in Qi, we prove that x t^q^ y. If x y^p^ y then this is trivial, so 
suppose that x y. Pick any element z e Qx,y,i (we have seen that Qx,y,£ is 
always nonempty); then x < z < y in Qe. Condition (i) follows. 

In order to verify Condition (ii) at level Qg, it suffices to prove that \\v = u||a;^y_£ 
belongs to J{De) U {0}, for all x ^ y in and all u ^ v in Q^yi- This is 
trivial in case ||y — x||p^ — 0, in which case ||w = u\\x,y,i — 0. So suppose that 
lly — x\\pi > 0. There are a proper subset X of lx,y,£ and an element p G CX such 
that either {u = (X, 0) and v = {X U {p}, 0)) or (u = (1, X) and w = (1, X U {p})). 
In both cases, ||w — u\\x,y,e — P belongs to J{De). 

Now we verify Condition (iii). Let p G J(-Df) and pick fc ^ ^ in A. As p < 
'/'fe/(l) = yi'fik.iiq) I q £ J(£'/c)) and p is join-irreducible, there exists q G J(-Dfc) 
such that p < (pk,t{q)- By the induction hypothesis (Condition (iii)), there exists 
X € Qk such that ^Qj. x and ||a; = 0\\q^ = q. Suppose that there exists y ^ Pt 
such that < y < x, and let i < ^ such that y ^ Qi- Asy < x, there exists z G QiAfc 
such that y < z < X. As < z < x with z & Qk and -<q^ x, we get z = x, 
and so X e Qi/\k- li i A k < k, then, by Condition (i) on !?(„), we get y^q^. x, a 
contradiction. Therefore, k = i A k < i, but k ~< £, and thus i = k. As y G Qk, 
< y < X, and -<q^ x, we get again a contradiction. So we have proved that 
X. As p < ipk.i{q) = \\x = 0\\Pi, we get p G lo,x,i- We consider the element 
t — {{({p}, 0), 0, x),£) of Qo,x,i (so -< t < X in Qe). We compute 

P = o||q, = ||(M,0) = {0,0}\Wxj=P, 

which completes the verification of Condition (iii) at level £. 

In order to verify that (Qj | i G A„+i) is as required, it remains to verify that 
{Qi I i G A„+i) satisfies Item (2) of Definition 15.11 So let i,j G A„+i, we need to 
verify that Qi n Qj = Qi/\j. This holds by induction hypothesis for i, j G A„. As it 
trivially holds for i = j, we assume that i ^ j. If height(i) — height(j) = n, then 

Q^^P^^[j{Qx,y,^\x<y^r^Pi), (10.4) 
Q3 = P3 U [j{Qx,y,j I X ^ y in P,) , (10.5) 
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and thus, as i \\ j and as ()10.3p is valid at all levels below either i or j, 

Q, n = n Pj = \J{Q,> n \i' <t, f < j) = g,Aj • 

If height(i) = n while height(j) < n, then Qi is still given by (|10.4p . and so 

Q, n Qj = P, n Qj = |J(Q»' n Qj \i' <i)^ Q,r.j , 

which completes the verification of Item (2) of Definition 15.11 This completes the 
proof of the induction step. □ 

Remark 10.3. More can be said in case all transition homomorphisms ipij separate 
zero, that is, f^jiO} = {0}, for all i < j in A. Indeed, in such a case, in the 
proof of Theorem 110.21 for all a; ^ y in Pi, there exists i < £ such that x,y G Qi, 
and so \\y = x\\p^ = (^i_f(||y = ccHq.) is nonzero in case we have included in the 
induction hypothesis the assumption that \\v = u\\ > for alH < £ and all w < u 
in Qi. Hence, \\y = x\\p^ > for all a; < y in Pi. Therefore, we can strengthen the 
conclusion (ii) of Theorem 110.21 bv stating that \\y — x\ is join-irreducible in Di, 
for all i g A and all x y in Qi. 

Corollary 10.4. For every distributive (V, 0)-semilattice S , there are a (A, 0) -semi- 
lattice P and a S-valued p-measure |j _ ^ _ || on P satisfying the following additional 
conditions: 

(i) \\y = x|| > for all x < y in P. 

(ii) For all X < y in P and all a,b ^ S , if \\y — x\\ < aWb, there are a positive 
integer n and a decomposition x = zq < zi < ■ ■ ■ < Zn — y such that either 
\\zi+i = Zi\\ < a or \\zi+i = Zi\\ < b, for all i < n. 

(iii) The subset {||a; = 0|| | x G P} generates the semilattice S. 

Furthermore, if S is bounded, then P can be taken a bounded lattice. 

Proof. Suppose first that S is bounded. By Lemma ll.3( S is the directed union of 
its finite distributive (V,0, l)-subsemilattices. Hence we can write S* as a directed 
union S — [J{Di \ i € I), where A is the (lower finite) lattice of all finite subsets 
of S, all the Di are finite distributive 0, 1-subsemilattices of S, and the transition 
map from Di to Dj is the inclusion map, for all i < j in A (in particular, it separates 
zero) . Let Q = {Q^ | i G A) be as in Theorem 110.21 We prove that the union of 
all the p-measures ||_ ^ -IIq^ on Q = {}{Qi | i G A) is as required. Condition (i) 
above follows from Remark 1 10. 31 For Condition (ii), suppose that ||?/ = a;|| < a V b. 
Let z G A such that x,y ^ Qi and a,b £ Di. As Qi is finite, there exists a chain 
in Qi of the form 

Zq -<q, Zi ^q^ ■ ■ ■ ^Q. Zn = y. 

For each i < n, Hz^+i = Zi\\ < \\y = x|| < a V 6. As Q satisfies the conclusion of 
Theorem 110. 2r ii). = Zi\\ belongs to 3{Di) U {0}, hence, as Di is distributive, 

either H^i+i = Zi\\ < a or \\zi+i — Zi\\ < b. Condition (ii) above follows. As 3{Di) 
join-generates Di, for each i G A, Condition (iii) above follows from Condition (iii) 
in Theorem [Tir^ 

In the general case, we apply the result above to S* U {1} (for some new unit 
element 1), and then, denoting by P the corresponding p-measured lattice, we set 
Q = {x € P \ ||x = 0|| gS'}, which is a lower subset of P. The restriction of the 
p-measure of P to Q x Q is as required. □ 
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The following easy result shows that distributivity cannot be removed from the 
assmnptions of Corollary 1 10. 41 

Proposition 10.5. Let S be a (y ,Q)-semilattice, let P he a poset, and let |[_ ^ -|| 
be a S -valued p-measure on P satisfying condition (ii) oj Corollary 110.41 such that 
the subset Ti = {\\y = x\\ \ x < y in P} join-generates S. Then S is distributive. 

Proof. Let ao,ai,b G S such that b < Gq V ai, we find hi < ai, for i < 2, 
such that b = 6o V 6i. Suppose first that 6 G S, so 6 = Wu = for some 
X < y in P. By assumption, there are a positive integer m and a decomposition 
X = zq < zi < ■ ■ ■ < Zm — y such that for each i < m, there exists e{i) G {0, 1} 
with ll^i+i = Zi\\ < a^^f^iy Put bj = Vdl^^i+i = Zi\\ \ i G £~^{j}), for all j < 2. Then 
bj < aj and b — \\y — x\\ — boV bi. 

In the general case, b — \/{cj \ j < n) for a positive integer n and elements 
Co, . . . , c„_i G E. By the above paragraph, there are decompositions Cj = Cj.o VCj.i 
with Cj^k £ Qfe for all j < n and k < 2. The elements bk — \/{cj,k \ j < n), for 
fc < 2, are as required. □ 

The following example shows that the conditions (DBl) and (DB2) cannot be 
removed from the assumptions of Theorem 110.11 The construction is inspired by 
the one of the cube 2?c presented in [T3l Section 3] . 

Example 10.6. Put A — *P(3) {the three-dimensional cube) and A* = A \ {3}. 

There are a A-indexed diagram B = {Bp \ p £ A) of finite Boolean lattices and 
{\/,0,l)-embeddings, whose restriction to A* we denote by B* , and a B* -valued 
normal interval diagram {Q^ \ p G A*) of finite p-measured lattices that cannot be 
extended to any B-valued normal diagram of p-measured posets. 

Proof. We first put -B{o.i,2} — ?5(5) (where, as usual, 5 = {0,1,2,3,4}). Further, 
we define elements Cij of ^(5), for i < 3 and j < 4, by 



Co,0 


= {0,4}, 


Co,l 


= {3}, 


Co, 2 


= {2}, 


Co, 3 


= {1,4}; 


Cl,0 


= {0,4}, 


Cl,l 


= {1,4}, 


Cl,2 


= {2}, 


Cl,3 


= {3,4}; 


C2,0 


= {0,4}, 


C2,l 


= {1}, 


C2,2 


= {3}, 


C2,3 


= {2,4}. 



Observe that the equality 5 = \J{cij | j < 4) holds, for all i < 3. 

We shall now define certain subsemilattices of (^P(5),U,0). For {i,j,k} = 3, 
we define B^ijy as the (V, 0)-subsemilattice of (*P(5), U, 0) generated by the subset 

{Cfe,o, Cfc,i, Cfe,2, Cfc.s}- 

Further, for all ? < 3, let B^i^ be the (V, 0)-subsemilattice of ^P(5) generated by 
{oi, bj}, where we put 

ao = {0,1,4}, 6o = {2,3,4}; 

ai = {0,3,4}, bi= {1,2,4}; 

a2 = {0,2,4}, b2 = {l,3,4}. 

At the bottom of the diagram, we put the two-element semilattice B0 ~ {0,5}. 
Observe, in particular, that 5 is the largest element of Bp for all p C 3. 

It is a matter of routine to verify that Bp is a (V,0, l)-subsemilattice of Bg if 
p q, for all p, g C 3. In that case, we denote by (pp^q the inclusion map from Bp 
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into Bq. Set 

S=((Bp,(^p,,) |pCgin*p(3)), 

Let Qp, for p E A*, and P be the lattices diagrammed on Figure [TO.ll We observe 
that {Qp \ p G A*) is a normal interval diagram of finite lattices. We endow Q0 

91 



60 

Q0 

Figure 10.1. The posets Q0, Q{t}, Q{i,j}, and P. 

with the unique p-measure ||_ < _||0 that satisfies ||1 = OII0 = 5, the largest 
element of B0. For i < 3, we endow Q^ij with the unique p-measure ||_ ^ - 
that satisfies \\xi — 0||{j} — ai and ||1 = = bi. Finally, for {i,j,k} = 3, it is 

not hard to verify that there exists a unique p-measure ||- ^ '-'^ such 

that \\xi ^ Xj\\{ijy = Ck,i and \\xj ^ Xi\\{i^j} = Ck,2- 

Suppose that the 5*-valued diagram {Qp | p G A*) extends to some valued 
diagram {Qp \ p E A). Evaluating the Boolean values in Q^q i 2}, we obtain 

||a;o = \\xq s$ a:;i||{o,i} = ^2,1 , 

||a;i < X2\\ = \\xi a;2||{i,2} = Ca,i , 
\\xo < X2II = ll^o s$ a:;2||{o,2} = Ci,i , 
hence, by the triangular inequality, Ci i C cq.i U C2,i, a contradiction. □ 

11. Concluding remarks 

11.1. Relation with the V-distances of [11]. The main result of the present 
paper. Theorem 110. 2[ is formally similar to [TTl Theorem 7.1], which states that 
every distributive {\/,0)-semilattice is, functorially, the range of a V-distance of 
type 2 on some set. By definition, for a (V, 0)-semilattice a ^-valued distance 
on a set X is a map 5: X x X S such that 5{x,x) = 0, S{x,y) = 6{y,x), 
and S{x,z) < S{x,y) V S{y,z), for all x,y,z e X. Furthermore, S satisfies the 
V-condition of type 2, if for all a,b E S and all x,y G X, if S{x,y) — a W b, 
then there are u,v E X such that 6{x,u) V S{v,y) < a and 6{u,v) < b. (The 
'V-condition' is named so after Hans Dobbertin's work in [T].) As every distance 
on a set X is obviously a p-measure on X viewed as a discrete poset, the problem 
of functorially lifting distributive (V, 0)-semilattices by p-measures does not appear 
as difficult. The main problems encountered in the present work were (1) to get 
our posets connected (which is the case here as they are meet-semilattices) , and (2) 
to get the subset {||y = a;|| \ x <y in P} join-generating the semilattice S under 
consideration. 
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11.2. Representation of distributive semilattices by majority algebras. To 

the author's knowledge, CoroUarv 110.41 is. so far, the only existing representation 
result that is specific to distributive (V, 0)-semilattices. Unlike the Gratzer-Schmidt 
Theorem, it is not a lifting result of (V, 0)-semilattices with respect to the Cone 
functor — the functor under consideration, namely 11 (cf. Subsection II. 2[) . is more 
complicated to describe. One remaining hope after the negative result of [20j is 
whether every distributive (V, 0)-semilattice is isomorphic to Couc A for some al- 
gebra A generating a congruence- distributive variety (cf. 20, Problem 2]). For 
instance, is every distributive {\/ ,0)-semilattice isomorphic to CoUc M, for some 
majority algebra M7 (A majority algebra is a nonempty set endowed with a ternary 
operation m that satisfies the identities m(x, x, y) = m(x, y, x) = m-(y, x, x) = x.) Our 
hope is that the poset-theoretical methods used in the present paper could provide 
a stepping stone towards such a result. 

11.3. Lifting finite diagrams of finite distributive (V, 0)-semilattices. It is 

still an open problem whether every diagram D of finite (V, 0)-semilattices and 
(V, 0)-homomorphisms, indexed by a finite lattice, can be lifted, with respect to 
the Couc functor, by a diagram of (finite?) lattices (cf [20, Problem 4]). Applying 
Theorem 110.21 to the diagram of (V, 0, l)-semilattices obtained by adding a largest 
element to each object in D and extending the transition maps accordingly, and then 
restricting the posets as at the end of the proof of Corollarv ll0.41 gives the weaker 
result that D can be lifted, with respect to the 11 functor (cf Subsection 1 1.2p . by a 
diagram in VPMeas. The posets thus obtained may be thought of as 'skeletons' of 
the lattices that would appear in a (hypothetical) lifting of D with respect to Couc. 
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